Transitivity of automorphism groups of Gizatullin surfaces 

Sergei Kovalenko 

ABSTRACT. We show that the automorphism group of a certain subclass of smooth Gizatulhn sur- 
faces with a distinguished and rigid extended divisor is generated by automorphisms of A^-fibrations. 
Moreover, such surfaces yield examples of smooth Gizatullin surfaces with a non-transitive action of the 
automorphism group. Thus, they represent counterexamples to GizatuUin's conjecture. For such surfaces 
we give an explicit orbit decomposition of the natural action of the automorphism group. 
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!__!■ 1. Introduction 

y—i I Gizatullin surfaces were introduced by Danilov and Gizatullin ([DGl], [DG2]). We recall that 
^ ■ the Makar-Limanov invariant ML(1/) of a normal affine surface V is defined by 

^ ; ML(y) = n ker(a). 

t^^ ! aeLND(C[y]) 

T^ I A useful characterization of normal affine surfaces with trivial Makar-Limanov invariant is the 

^^ ■ following result due to Gizatullin ([Gi] 11, Theorems 2 and 3), Bertin ([Be], Theorem 1.8), 

^_2 , Bandman and Makar-Limanov ([BML]) in the smooth case and due to Dubouloz ([Du]) in the 

• • ' normal case: 

>' 
l^ Proposition 1.1. (cf. [FKZ2], Theorem 4-3) For a normal affine surface V that is non- 

'V^ I isomorphic to C* x C* or to C* x A^, the following conditions are equivalent: 
,<^: (1) ML{V) is trivial, i. e. ML{V) = C. 

(2) The automorphism group acts on V with an open orbit, such that the complement is 
finite (such orbits are called bigj. 

(3) V admits a smooth completion by a zigzag D. In other words, V - X\D, where X is a 
complete surface and D is a linear chain of smooth rational curves. 

Normal affine surfaces V satisfying one of the equivalent conditions of Proposition 11.11 are 
called Gizatullin surfaces. In particular, the automorphism group of Gizatullin surface V is 
quite large compared to surfaces in general. Studying simple smooth Gizatullin surfaces, like 
the affine plane A or Danielewski surfaces Vp - {xy - P{z) - 0} 9 A with a polynomial P 
having pairwise distinct roots, one easily sees that the automorphism group acts transitively 
on these surfaces. In this case, the big orbit O coincides with V. Cleary, in the singular case 
O cannot coincide with V. However, it is still an open question whether O coincides with V in 
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the smooth case. More generahy Gizatulhn formulated the fohowing conjecture in [Gi] II: 

Conjecture (GizatuUin): Let F be a smooth Gizatulhn surface. Then the action of the 
automorphism group is always transitive on V. In other words, that is, V coincides with the 
big orbit O of Aut(F). 

In general it is difficult to determine the orbits of the natural action of Aut(F) for gen- 
eral normal affine varieties V. But there are some nice results in higher dimension. For 
example, in [DM-JP] it is shown that the automorphism group of the Koras-Russell cubic 
X-{x + xy + z + t - 0} £ A admits exactly 4 orbits, one of them being the fix point 
p= (0,0,0,0). 

The main aim of this article is to construct families of smooth Gizatulhn surfaces V, satisfying 
special conditions and to determine the orbit decomposition of the natural action of Aut(l^). In 
particular, it turns out that for these surfaces the big orbit O is a proper subset of V. It follows 
that such Gizatulhn surfaces provide counterexamples to the Gizatulhn conjecture. 
Let (X,D) be a SNG-completion of a Gizatulhn surface V so that V - X\D and D is a simple 
normal crossing divisor. It is well known that D can be transformed by birational transforma- 
tions into standard form. This means that D = Co u • • • u Cn is a chain of smooth rational curves 
satisfying Cq = Cf = and Cf < -2 for i > 2. The standard form of the boundary divisor D is (up 
to reversion) an invariant of the abstract isomorphism type of V. But in general this invariant is 
too weak. It is more convenient to introduce a stronger invariant, the so called extended divisor 
Dcxt) defined as follows. The curves Co and Ci provide P^-fibrations <I>o '■- ^\Co\ ■ X ^ ^^ and 
$1 := ^\Ci\ ■ X ^¥ . These P -fibrations lift to the minimal resolution of singularities X of X. 
By [FKZ4], Lemma 2.19, ^q admits at most one degenerate fiber, without lost of generality the 
fiber over 0, and we introduce the extended divisor to be 

I)cxt:=CouCiu$o'(0). 

The extended divisor Z?cxt always contains the boundary divisor D. The connected components 
of Dcxt ~ D are called feathers. We denote them by Fij, 2 < i < 2, 1 < j < r j and assume that 
Fij is attached to the curve Cj. In fact, in the smooth case the feathers are irreducible. The 
Matching Principle (cf. [FKZ6]) states that there is a natural bijection between feathers Fij 
of (X,D) and feathers F^- of the completion (X^,Z)^) obtained by reversing the boundary 
zigzag. Our candidates for potential counterexamples for the Gizatulhn conjecture are smooth 
Gizatulhn surfaces that admit a so called distinguished and rigid extended divisor. Indeed, if 
one extended divisor of V has this property, then every extended divisor of V does. To be more 
precise, we show the following result: 

Theorem 1.2. LetV he a smooth GizatuUin surface, (X,D) a completion in standard form such 
that the extended divisor D^xt is distinguished and rigid. Let Ai - {Pi^i, . ■ ■ ,Pi,ri} - C'j\(C'i-i ^ 
Ci+i) = C* , 3 <i < n-1, be the base point set of the feathers Fij. For a finite subset A^C* , we 
denote by G{A) the group {q e C* | a • ^ = A}. Moreover, for 4 < i < n-2 we let -Bi,i, . . . , -Bi,mi 
be the orbits of the G(Ai)-action on Ai, 



0^r■- U F,,inFli<^V, l<j<mi, 

l<l<ri;P^^l^B^j 



and 



Oo:-V\\ U F^,J^F^J 

\4:<i<n-2,l<j<ri . 



Then the following hold: 
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(1) The set Oq is the big orbit of the action o/Aut(y) on V and the subsets Oij are invariant 
under Aut(y). 

(2) // at most two of the ri are non-zero, then Oq and the Oij form the orbit decomposition 
of the natural action of the automorphism group Aut(y) on V . 

Furthermore, we show that in the generic case the automorphism group of such surfaces V is 
generated by automorphisms of A^-fibrations, that is, by automorphisms which preserve certain 
A^-fibrations. We also give an exphcit description of Aut(y) as an amalgamated product of two 
automorphism subgroups. 

This article is structured as follows. In section 2 we introduce the main tools employed to work 
with Gizatullin surfaces and more generally with A^-fibered surfaces. We are mainly interested 
in presentations and properties of standard and 1-standard completions of such surfaces. In 
particular, we give a decomposition of birational maps between 1-standard pairs. We also intro- 
duce the Matching Principle and the rigidity of extended divisors. Finally, we give a concrete 
description of smooth Gizatullin surfaces in local afiine coordinates. 

In section 3 we apply these methods to show that the automorphism group of a general smooth 
Gizatullin surface V with a distinguished and rigid extended divisor is generated by automor- 
phisms of A -fibrations. Moreover, for such surfaces we give the orbit decomposition of the 
action of the automorphism group ol V. In particular we show that the automorphism group 
admits fix points in general. These surfaces provide counterexamples to the Gizatullin con- 
jecture. In subsection 13.31 we give explicit presentations of the automorphism groups of such 
surfaces as amalgamated products of two automorphism subgroups. 
Finally, in Section 4 we deal with the singular case and we show that similar results hold. 

Ackno'wledgements The results presented in this paper are contained in the author's Ph.D. 
thesis [Ko]. The author wishes to thank his supervisor Professor Dr. Hubert Flenner for his 
inspiring discussions and mathematical advice. Furthermore, the author wishes to thank Anne 
Wald and Felix Friihauf for their helpful comments and remarks. 

2. Preliminaries 

In the following we consider surfaces over the field IC = C of complex numbers. All results also 
hold for arbitrary algebraically closed fields of characteristic zero. 

2.1. A^-fibered surfaces and Gizatullin surfaces. 

Definition 2.1. A zigzag D on a normal projective surface X is an SNC-divisor supported in 
the smooth locus X^eg of X, with irreducible components isomorphic to F^ and whose dual graph 
is a chain. If supp(D) - U"=o^* '^^ ^^^ decomposition into irreducible components, one can order 
the Ci such that 

' [0 ,K-i|>i. 

A zigzag with such an ordering is called oriented and the sequence [[(Cq)^, . . . , (C'n)^]] is called 

the type of D. The same zigzag with the reverse ordering is denoted by *Z). 

An oriented sub-zigzag of an oriented zigzag is an SNC-divisor D' with supp{D') £ supp(D) 

which is a zigzag for the induced ordering. 

We say that an oriented zigzag D is composed of sub-zigzags Zi, . . . ,Zs, and following [BDj we 

denote D - Zi > ••• l> Zg, if the Zi, 1 < i < s, are oriented sub-zigzags of D whose union is D and 

the components of Zi precede those of Zj for i < j. 

Surfaces completable by a zigzag were first studied by Danilov and Gizatullin (cf. [DGl] and 

[DG2]). 



4 S. Kovalenko 

Definition 2.2. Normal affine surfaces V satisfying one of the conditions in Proposition \1.1\ 
are called Gizatullin surfaces. 

For the rest of this article we fix the following notation: 

Notation: If y is a Gizatullin surface and {X,D) is a completion of ^ by a zigzag £), then 

D = Cf) + ■•• + Cn and Cj and Cj have a non-empty intersection only for \i- j\ - 1. 

Given a Gizatullin surface V together with a completion (X, D) by a zigzag, we can always 
associate a linear weighted graph Tr, to {X,D). The vertices v,, < i < n, are boundary 
components Cj and the weights are the corresponding self-intersections Wi '■- Cj . Thus F/) has 
the form 

Co Ci Cn 

■l D • o o ■■■ o • 

Wq Wi Wn 

For a better systematic understanding of Gizatullin surfaces we introduce elementary transfor- 
mations of weighted graphs. 

Definition 2.3. Given an at most linear vertex v of a weighted graph F with weight one can 
perform the following transformations. If v is linear with neighbors fi,i^2 then we blow up the 
edge connecting v and vi in F and blow down the proper transform of v: 



(2.11 



Vi v' V2 Vl v' V V2 Vl V V2 

■ ■ ■ o o o • • • '* • • • o o o o • • • '^ • • • o o o 

wi-l W2 + 1 Wi-1 -1 -1 W2 wi W2 



Similarly, if v is an end vertex of F connected to the vertex vi then one proceeds as follows: 

Vl v' Vl v' V Vl V 

[2.2) . . . o o "* • • • o o o "^ • • • o o 

wi-1 wi-1 -1 -1 wi 

These operations h2.1\) and 112.^) and their inverses are called elementary transformations ofV. 
If such an elementary transformation involves only an inner blowup then we call it inner. Thus 
112. 1\) and \2. 2\) are inner whereas the inverse of \2. 2\) is not as it involves an outer blowup. 



We consider a Gizatullin surface V - X\D, where X is projective and D is a zigzag. By a 
sequence of blowups and blowdowns we can transform the dual graph Tjy of D into standard 
form, i.e. we can achieve that C^ ^ Cf ^ and Cf < -2 for ah i > 2 (cf. [DGl], [FKZ3], [Da]). 
Moreover, this representation is unique up to reversion meaning that for two standard forms 
[[0,0, w;2, . . . ,Wn]] and [[0,0,1^2, • • • ,w'n]] either Wi - w'^ or Wi - w'^^2-i holds (cf. [FKZ3]). 
The reversion process can be described easily. We start with a boundary divisor of type 
[[0,0,^2, • • • , w^n]]- Performing the elementary transformation ()2.ip at the vertex corresponding 
to Ci we obtain a boundary divisor of type [[-1,0, W2 + l,u'3, . . . ,^^71]]- Repeating this procedure 
finitely many times we obtain a boundary divisor of type [[^2, 0,0, 1^3, . . . , Wn]]- This means 
that we can move pairs of zeros to the right. Repeating this, we finally obtain a boundary 
divisor of type \\w2, ■ ■ ■ ,''i'n;0,0]]. Notice that all birational transformations are centered in the 
boundary, i. e. these transformations yield isomorphisms on the affine parts. 
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Definition 2.4. A zigzag D on a normal projective surface X is called m-standard (or in m- 
standard formj, if it is of type [[0, -m, W2, ■ ■ ■ , Wn]] with n> 1 and wi < -2 (in the case of n-1 
there are no weights wi). 

An m-standard pair is a pair (X,D) consisting of a normal projective surface X and an m- 
standard zigzag D on X. If m - 0, then {X,D) is called a standard pair. A birational map 
(/? : {X,D) -> (X',D') between m-standard pairs is a birational map (p : X -> X' which restricts 
to an isomorphism ip\x\D ■ X\D -^ X'\D' . 

Since the underlying projective surface X of an m-standard pair is rational, it is equipped with 
a rational fibration tt = $|Co| '■ X ^¥ defined by the complete linear system |Co|. In particular, 
if m = 0, there are even two P^-fibrations <I>o '■- '^'iCol) '^i •" '^ICil ^ ^ -^ IP^ and, thus, a morphism 

which is birational (cf. [FKZ4], Lemma 2.19). After a change of coordinates we can assume that 
Co = $oHo°)> HCi) = P^ X {oo} and ^2 u •■• u C„ c ^^^(O). The divisor L>ext := Co u Ci u $oHO) 
is called the extended divisor. Before determining the structure of the extended divisor, we 
introduce the notion of a feather: 

Definition 2.5. (1) A feather is a linear chain 

B Fi Fs 

i' '■ o o • • • o 

of smooth rational curves such that B^ < -1 and Ff < -2 for all i > 1. B is called the 
bridge curve. 

(2) A collection of feathers {Fp} consists of feathers Fp, 1 < p <r, which are pairwise disjoint. 
Such a collection will be denoted by a plus box 

{Fp} 
m ■ 

(3) Let D - CqH hC„ be a zigzag. A collection {Fp} is attached to a curve Cj if the bridge 

curves Bp meet Ci in pairwise distinct points and all the feathers Fp are disjoint with 
the curves Cj for j t i. 

Lemma 2.6. (cf. [FKZ5], Prop. 1.11) Let (X,D) be a minimal SNC completion of the minimal 
resolution of singularities of a GizatuUin surface V . Furthermore, let D - Cq + ■■■ + Cn he the 
boundary divisor in standard form. Then the extended divisor D^xt has the dual graph 

{F2,j} {F„} {Fn,j} 



l^ext '■ o O 



Co Ci C2 Ci Cn 

where {Fij}, 1 < j < ri, are feathers attached to the curve Ci. Moreover, X is obtained from 
F^ X p-*^ by a sequence of blowups with centers in the images of the components Ci, i >2. 



Remark 2.7. We consider the feathers Fij ■■- Bij + Fij^i h — + Fij^^. . mentioned in Lemma 12.61 
The collection of linear chains Rij := -Fij,i + ■■■ + Fij^f.^ . corresponds to the minimal resolution 
of singularities of V. Thus, if {X, D) is a standard completion of V and {X, D) is the minimal 
resolution of singularities of (X,D), the chain Rij contracts via /i : {X,D) -^ (X,D) to a 
singular point of V. Moreover, one can classify the type of these singularities. For a feather 



O • • • O 

— fel ~Ks 



-CiJ ■ o O • • • O ) "Jj > Z, 
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we define 



The chain Rij contracts via /i to a cyclic quotient singularity of type (d, e), that is, to a singu- 
larity analyticaUy isomorphic to the singular point of the toric surface V^^e '■- ^ I'^di where the 
action of Z^ = (C) (C e C* a primitive d-th root of unity) on A^ is given by C,.{x,y) - {C^X^y) 
(cf. [Hi]). In partcular, V has at most cyclic quotient singularities (cf. [Mi], §3, Lemma 1.4.4 

(I))- 

In particular, V is smooth if and only if every Rij is empty, i. e. if every feather Fij is irreducible 

and reduces to a single bridge curve Bij (cf. [FKZ5], 1.8, 1.9 and Remark 1.12). 

In connection with Lemma \T6\ we abbreviate the subdivisor '£,k>iC^k + T,j^,-k>iPk,jk ^^ -^ext ^^^ 
the subdivisor Zk>i Ck + Zjk;k>i Fkj^ = -^ext © ^i by D^^^. 

Similarly as standard completions of Gizatullin surfaces arise from P^ x P^, 1-standard comple- 
tions arise from the Hirzebruch surface Fi. More explicit, we have the following lemma: 

Lemma 2.8. (cf. [BD], Lemma 1.0.7) Let (X,D) be a 1-standard pair and let fi:Y ^ X be the 
minimal resolution of singularities of X . Then there exists a birational morphism r] -.Y -^ ¥i, 
unique up to an automorphism of Fi , that restricts to an isomorphism outside the degenerate 
fibers of it o ^, and a commutative diagram 

Y 



X 






/iOTT Fl 



Moreover, if (X' ,D' ,Tr') is another 1-standard pair with associated morphism rj' ■ Y' ^ ¥i, 
then {X,D,Tr) and (X' ,D' ,7r') are isomorphic if and only if there exists an automorphism of 
Fl isomorphically mapping ^(/^^"^(Cq)) onto ??'(/i'<. ""^(Cq)) and isomorphically sending the base- 
points of T]^^ (including infinitely near ones) onto those of r]'^^ . 

The Hirzebruch surface Fi is just the blowup of P^ in a single point, say (1:0:0). Thus, Fi is 
given by 

Fl = {{{x ■.y:z),{s: t)) e P^ X pi I yt - zs = 0}. 
The P^-fibration mentioned in Lemma 12.81 is just the projection onto the second factor, i. e. 

p:Fi->P\ iix:y:z),is:t))^is:t). 
Moreover, on Fi\(Co u Ci) = A^ we can introduce the afhne coordinates xq '■- x/z and yo :- y/z. 
These coordinates become important in the next section. 

Since Fi is the blowup of P^ in one point, every 1-standard pair {X, D) arises as a blowup of P^ 
and the blowup process starts as follows 

0-10 11 



Here we can take any two lines in P for the two curves with self-intersection 1. The extended 
divisor can also be defined for 1-standard pairs and Dcxt becomes 



Transitivity of automorphism groups of GizatuUin surfaces 

{F2,n} {Fr,n} {^n,,J 



D, 



ext 





f 




o 


-1 

— o o 



Co Ci C2 C, Cn 

This results in the same divisor as taking the extended divisor of the corresponding standard 
completion, blowing up the intersection point Co n Ci and blowing down the proper transform 
of Co. 

We will often deal with 1-standard pairs. It follows from [BD], Lemma 2.1.1 that every birational 
map if ■■ (X,D) -* (X',D') between 1-standard pairs which is not an isomorphism has a unique 
base point p € Cq. This base point is called the center of ip. In general, this yields qualitatively 
different maps depending on whether p e Co n Ci or p e Co\Ci. 

Definition 2.9. Two A -fibered surfaces (V^, vr) and {V'^ir') are said to be isomorphic if there 
exists an isomorphism "^ ■ V -^ V and an automorphism if) of A} , such that it' c^ - ip ott. 
Two A -fibrations 71,11' on a surface V are said to be isomorphic if (Vjir) and (F, vr') are iso- 
morphic. 

As mentioned above, there are two basic types of birational maps between 1-standard pairs: 
The fibered modifications, which preserve the given A^-fibrations, and the reversions, which are, 
in some sense, the simplest maps that do not preserve the given fibrations. 

Definition 2.10. Let ip : (X,D) -> {X' ,D') be a birational map between 1-standard pairs and 
let D = Co > ■■■ t> Cn and D' = Cq t> ••• > C^ be the oriented boundary divisors. 
(1) (Fibered modification) (p is called a fibered map if it restricts to an isomorphism of A -fibered 
quasi-projective surfaces 

V = X\D —^ V = X'\D' 



n\v 



A' 



A\ 



•p is called fibered modification if it is not an isomorphism. 
(2) (Reversion) ip is called reversion if it admits a resolution of the form 

{z,D^Cn >->Cii>H >c[ >■■■ ^c;,) 



(X,*D) ^ . {X',D'), 

where H is a zigzag with boundaries Cq (left) and Cq (right) and where a : Z ^ X and a' ■ Z ^ X' 
are smooth contractions of the sub-zigzags H O C( O ■ ■ ■ l> C^, and Cn O • ■ • > Ci ^ H of D onto 
Cq and Cq respectively. 

Remark 2.11. We already introduced the notion of a reversion for standard pairs. Moreover, 
given a standard completion {X,D) of V, we have a birational map {X,D) -* (X',D') to a 
1-standard completion (X',D') of V (see above). We will see below (cf. Proposition 12.13] ) that 
the two notions of a reversion coincide after performing such elementary transformations on the 
boundary. 

It turns out that fibered modifications are just the liftings of appropriate triangular automor- 
phisms of A : 

Lemma 2.12. (cf [BD], Lemma 2.2.3) Let ip : {X,D,Tt) -> {X',D',Tt') be a birational map 

Li, T) Li T) ^^_^^ 

between 1-standard pairs and let X ^Y -!^¥i and X' ^Y' ^ Fi be as in Lemma \2.8[ Then the 
following are equivalent: 
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(1) Lp restricts to an isomorphism {X\D,tt) -^ (X'\D',it'). 

(2) {ii'Y^^ o if o fj, : Y -* Y' is the lift via rj and Vj of an isomorphism of affine A^-fibered 
surfaces 

A2 = Fi\(r/(Co) u r/(Ci)) -^ A^ = Fi\(r/'(Co) u r/'(Ci)) 

A^ ^ A^, 

which maps isomorphically the base points of r]^^ onto those of (rj')^^. The map ^ is of 
the form ^(xo,yo) = (cixq + P{y),by + c) with a, 6 e C*, c 6 C and P{y) e C[y]. 

Moreover, 99: {X,D) -> (X',D') is an isomorphism if and only if '^ is affine. 

Indeed, the center p gives the full control over the reversion: 

Proposition 2.13. (Uniqueness of reversions, cf. [BD], Prop. 2.3.7) For every 1-standard 
pair {X,D) and every point p e Co\Ci there exist a 1-standard pair {X',D') and a reversion 
(p : {X,D) -* (X',D'), unique up to an isomorphism at the target, having p as a unique proper 
base point. Moreover, ifT£)-[[0,-l,W2,...,Wn]], then Td' - [[0,-l,Wn, ■ ■ ■ ,W2]]. 

These two types of maps, the fibered modifications and the reversions, differ in the position of 
their center: 

Lemma 2.14. (cf. [BD], Lemma 2.4. 1) Let ip ■ (X,D) --s- (X',D') be a birational map between 
1-standard pairs. 

(a) If ip is a fibered modification, it is centered at p - Cq n Ci , and C'q is the only irreducible 
component of D' contracted by p)^^ . 

(b) If if is a reversion, it is centered at p - Cq\Ci, and p)^^ contracts the curves C[, i >1, 
on p as well as Cq on p if and only if C[ < -3 holds for some i >2. 

If the type of the sub-zigzag C2 I> ••• I> C„ is not a palindrome, then the composition of two 
reversions cannot be a reversion. Otherwise, we have the following 

Lemma 2.15. (cf. [BD], Lemma 2.3.8) For i - 1,2 let (pi : {X,D) -> (Xi,Di) be a reversion of 
1-standard pairs and assume that every component of D has self-intersection > -2. If the proper 
base points of (pi and 992 o,re distinct (equal, respectively), then the map Lp2 o v'l ^ i^ (^ reversion 
(an isomorphism, respectively) . 

The key observation to control birational maps between 1-standard pairs is to decompose any 
such map into fibered modifications and reversions: 

Theorem 2.16. (cf. [BD], Theorem 3.0.2) Let p? : {X,D) -> {X',D') be a birational map be- 
tween 1-standard pairs restricting to an isomorphism X\D -> X'\D' . If (p is not an isomorphism, 
then it can be decomposed into a finite sequence 

(^ = V9„ o ... o (^1 : (X,Z)) = (Xo,Z)o) - (Xl,I?l) - - - (Xn, AO - (^',^') 

of fibered modifications and reversions between 1-standard pairs (Xi,Di). Moreover, such a 
factorization of minimal length is unique, meaning, if 

^^v'^o...o^[:{X,D)^{XiD',f-^{X[,D'y4...^-k{Xl„D'^)^{X',D') 

is another factorization of minimal length, then there exist isomorphisms of 1-standard pairs 
Ui : {Xi,Di) -> {Xl,D-), such that aiocp^^ ip'.o ai-i for i ^ 2, . . . ,n. 
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2.2. Automorphisms of A -fibrations and associated graphs. For an A -fibered surface V 
we introduce a (not necessarily finite) graph J^y which reflects the structure of the automorphism 
group of V. 

Definition 2.17. To every normal quasi-projective surface V we associate the oriented graph 
Ty as follows: 

(1) A vertex of J-y is an equivalence class of a 1-standard pair (X,D), such that X\D = V, 
where two 1-standard pairs {Xi,Di,Tti) and {X2,D2,Tt2) define the same vertex if and 
only ^/(Xl\Z)l,7^l) ^ (X2\i?2,vr2). 

(2) An arrow of Ty is an equivalence class of reversions. If f : {X,D) ->• {X',D') is a 
reversion, then the class [ip] of (p is an arrow starting from [(X, Z))] and ending at 
[{X\D')]. Two reversions ipi : {Xi,Di) -> iX[,D[) and p>2 ■ (^2,1^2) -> (^2>^2) 
define the same arrow if and only if there exist isomorphisms 9 : (Xi,Di) -^ (-^2,^2) 
ande' :{X[,D[) -^{X'^^D'^), such that ip2 o 6 ^ 6' o ip^ . 

Remark 2.18. It is easy to see that for a 1-standard pair (X,D) two reversions c/? : (X,D) -^ 
{Xi,Di) and ip '■ (X , D) -> (X2,-D2) with centers in pi and p2 respectively define the same arrow 
if and only if there exists an automorphism tp e Aut(X,D) such that tp{pi) - P2- Thus, for a 
fixed completion (X,D) of V we have a bijection between the arrows of J-y, starting at (X,D) 
and orbits of the action of Aut(X,D) on Cq\Ci. 

The structure of the graph J^y allows us to decide, whether the automorphism group Aut(y) 
of V is generated by automorphisms of A-'^-fibrations. Here we say that (p 6 Aut(y) is an 
automorphism of A^ -fibrations if there exists an A^-fibration ir -V -^ A^, such that (p induces 
an isomorphism (p ■ {V,tt) -> (V,it). 

Proposition 2.19. (cf. [BD], Prop. 4-0.7) Let V be a normal quasi-projective surface with a 
non-empty graph J-y. Then the following holds: 

(1) The graph Ty is connected. 

(2) There is a natural bijection between the set of vertices of Ty and the isomorphism classes 
of A^ -fibrations on V. 

(3) Let (X,D) be a 1-standard pair with X\D = V and let D contain at least one curve with 
self-intersection < -3. Then the graph Ty is a tree if and only if Aut(V) is generated 
by automorphisms of A^ -fibrations on V. Moreover, there is a natural exact sequence 

l^H^ Aut(F) ^ Ili{Ty) ^ 1, 

where H is the (normal) subgroup of Aut(y) generated by all automorphisms of A}- 
fibrations and Ili{Ty) is the fundamental group of the graph Ty. 

One can obtain better descriptions of the group Aut(y) by introducing the notion of a graph 
of groups. 

Definition 2.20. A graph of groups is a pair {T,Q) such that T is a graph and Q consists of a 
family of vertex groups {Gy \ v e V{T)} and a family of edge groups {G^ \ cr e E(T)} satisfying 
the following conditions: 

(1) For every edge it holds G^ - G„-i. 

(2) For every edge a there are monomorphisms Ku ■ G^ -^ Ggt^\ and A^- : G^ -> Gu^\ such 
that Act = Ko-i • 

A path in {T,Q) is a sequence {go,ai,gi,. . . ,ar,gr), where gi e G-^ and vo,ai,vi, . . . ,ar,Vr 
is a path in T. The homotopy equivalence relation ^ is the equivalence relation generated by 
the elementary homotopy equivalence relations {cr,Xa-{h),a~^ ,{Ka{h))^^) ^ (1) with 1 e Gs(o-) 
and {g,a,l,a^ ,g') - {gg')- If v is a vertex of T then the homotopy classes of closed paths 
starting and ending in v form a group under the concatenation (. . . ,g)(g' ,. . .) - (. . . ,gg', . . .). 
We denote this group by iti(T,Q,v) and call it the fundamental group of {T,Q) in v. 
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We can equip Ty in a natural way with a structure of a graph of groups. 

Definition 2.21. Let Y he a normal quasi-projective surface and let Ty be its associated graph. 
Then Ty admits a structure of a graph of groups by the following choice: 

(1) For any vertex v of Ty , fix a 1-standard pair (Xy,D^,Tt^) in the class v. The group G„ 
is equal to Aut(X^\Dv,TTy). 

(2) For any arrow a of Ty, fix a reversion r^j ■ {Xo-,Dfj,7ra) -^ {X'^,D'^,TT'a) in the class of 
a and also an isomorphism fi„ : (X^\Z)^,7r^) -^ (X^(^^^\D^(^^^ , n^f^^y) (by the index t we 
denote the target variety). Then the group G^ is equal to 

{{ip,^') e Knt{X,,D,) x kni{X'^,D'^) | r^ o ^9 = 99' o r^} 
and the monomorphisms k,^ ■ G^ -^ Gs(a) o-nd Ao- : G^ -*■ Gt(o-) are given by K,(j{{ip,(p')) = 
fi^-i o tp o fj,^\ and Xa{{p, <p')) - Ha ° p' ° f-a^ (index s denotes the source variety). 

The first version of the fohowing theorem was shown by Danilov and Gizatuhin (cf. [DG], 
Theorem 5) and connects the structure of the graph of groups on Ty with the automorphism 
group of V: 

Theorem 2.22. (cf. [BD], Theorem 4-0.11) Let (X,D) be a 1-standard pair such that D admits 
at least one component with self-intersection < -3 and let V ■- X\D. If Ty is equipped with a 
structure of a graph of groups then the fundamental group of Ty is isomorphic to Aut(y). 

Remark 2.23. Let T be the graph v • < — > • w and G - {{Gv,Gw), (Go-)}. We can identify G^ 
via Ao- and Ko- respectively with subgroups of Gy and Gw respectively. It is a well-known result 
that TTi(T,G,v) is isomorphic to the amalgamated product Gy *g^ Gw. 

2.3. The Matching Principle. We consider a standard completion (X, D) of a smooth Gizat- 
ullin surface V as well as the reversed completion (X^,Z)^) with D - Co u ••• u C„ and 
D^ - Cq u ••• u C^. We let Td - [[0, 0,W2,. . . , Wn]] and we denote the corresponding extended 
divisors by -Dext and -Dext) respectively. By inner elementary transformations we can move the 
pair of zeros to the right for several places. In this way we obtain, for every t, 2<t<n + l, a 
new completion {W,E) of V with boundary divisor [[w2, . . . ,wt-i,0,0,wt, ■ ■ ■ ,Wn]], i. e. 

E^C^u-u CtX u Ct-i uGtU - u Gn, 
if we identify Cj £ X and C^ £ X^ with their proper transforms in W. In particular, we can 

write E as E = Z)-*"^ u D^-* with new weights G^_^ = G^-? - 0. Moreover, there are natural 
isomorphisms 

VF\D^^*' = VF\(C>...uC4X)=X\(Cou-uCi_2), 
W\D^^-^ = VI/\(Ci_iu---uC„) = X^\(Co^u---uC;C_i). 

Definition 2.24. The map 

is called the correspondence fibration for the pair (Gt,G^v). 

There is a natural correspondence between feathers of D^xt and those of D^^^. The key obser- 
vation is 



Proposition 2.25. (cf [FKZ6J, Lemma 3.3.4, Cor. 3.3.5, Lemma 3.3.6) Let Fip be a feather 

I 
3 



of Dext attached to the component Gi. Then there exists a unique feather F^ of -Dgii 'which 



intersects Fip in V and which is attached to a component C- , such that i + j > n + 2. Moreover, 
Fip and F^ intersect transversally and in a single point. If Gr is the mother component of Fip, 
then G^v is the mother component of F^ . 
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Definition 2.26. Feathers Fip and F^^, which satisfy the conditions of Proposition [2. 251 are 
called matching feathers. 

The condition i+j>n + 2is essential. Indeed, every feather -Ft-i,p is a section of V' and therefore 
it meets every fiber of ip. Since it cannot intersect D^^^^, it meets every feather F^v g- with 
(F/v,j2 . _i on V. 

Configuration spaces and the configuration invariant. Let y be a smooth Gizatulhn 
surface with a standard completion (X,D). By a theorem of Gizatullin (cf. [Gi] or [FKZ3], 
Cor. 3.33), the sequence of weights [[w2, ■ ■ ■ ,Wn]] (up to reversion) of the boundary divisor D 
is a discrete invariant of the abstract isomorphism type of V. In the following we introduce a 
stronger continuous invariant of V, the configuration invariant. 

For a natural number s > 1 we denote the configuration space of all s-points subsets {Ai , . . . , A^} c 
A"^ by A4g. We can identify Ai^ in a natural way with the Zariski open subset of A^: 

s 

Al+ = A"\{discr(P) = 0}, where P^Yli^-^j)- 
The group Aut(A^) acts on Ad^ in a natural way. We let 

mt-^Mt/Aut{A^). 

Thus, dJtg is an (s - 2)-dimensional affine variety. 

Now, let A1* be the configuration space of all s-points subsets {Ai,...,As} c C* = A^\{0}. 

Similarly, the group C* acts on M.* and we let 

Before introducing the configuration invariant we have to distinguish two types of boundary 
components. 

Definition 2.27. (1) For a natural number i e {2,...,n} Sj shall denote the number of 

feathers of D(.xt whose mother component is Ci . 
(2) The component Ci is called a ^-component if 
(i) D^l'l^ is not contractible and 
(ii) D^lt^-Fj,k is not contractible for every feather Fjk of D^^"^ with mother component 

Cr, where t <i. 
Otherwise Ci is called a + -component. 

For example, C2 and Cn are always +-components. In the following we let tj = * in the first case 

and Tj = + in the second one. 

It is easily seen that in the blowup process X ->• P^ x P^ (X is a standard completion of the 

minimal resolution of singularities V of V) every x-component Cj, 3<i<n-l, appears as a 

result of an inner blowup of the previous zigzag, while an outer blowup of a zigzag creates a 

+-component. 

The following lemma states that reversions do not change the type of a component: 

Lemma 2.28. (cf. [FKZ6], Lemma 3.3.10) Ct is a *- component if and only if C^v is a *- 
component. 

Now we are able to construct the so-called configuration invariant of V. In the following, for 
a +-component Ci we construct a family of points pij, 1 < j < Si, on Ci\Ci-i = A^. For every 
feather Fij with self-intersection -1 we let pij be its intersection point with Cj. Moreover, if 
there exists a feather F^j with mother component Ci and k > i, then we also add the intersection 
point Cj+i := Cj n Cj+i to our collection. Thus, the collection of points 

Pij €Ci, 1 < j < Si 
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is just the collection of locations on Cj in which the feathers with mother component Ci are 
born by a blowup. These points are called base points of the associated feathers. The collection 
{pij)i<j<Si defines a point Qi in Tl^.. 

Let now Ci be a ^-component. Then we consider Qi as a collection of points on Cj\(Cj_iuCi+i). 
Note that the intersection point Cj+i of Ci and Cj+i cannot belong to this collection due to 
Definition 12.271 (2) (ii). Identifying Cj\(Cj_i u Cj+i) with C* in a way that q+i corresponds to 
and Ci to oo we obtain a point Qi in the configuration space Tl*^ . 
Thus, in total, we obtain a point 

Q{X, D) := (Q2, . . . , Q„) e 9Jt = 9JtI^ X ... X OT-;; , 

where tj e {+, *} represents the type of the corresponding component Cj. This point is called 
the configuration invariant of (X,D). 

Performing elementary transformations in (X, D) with centers in Cq does neither change ^q nor 
the extended divisor (except of the weight Cf). Thus, it leaves the Si and Q{X,D) invariant. 
Therefore, we can define the configuration invariant for every m-standard completion of V. 

If the boundary divisor has length n, then for a natural number t we let, for brevity, 

i"" :=n + 2-i. 

Proposition 2.29. (Matching Principle, cf. [FKZ6], Prop. 3.3.1) Let V = X\D be a smooth 
GizatuUin surface completed by a standard zigzag D. Consider the reversed completion (X^,D^) 
with boundary zigzag D^ - Cq u .-. u C^, associated numbers s'2,...,s'^ and types Tg, . . . , r^. Then 
Si - s'^v and ti - z'v for all i - 2, . . . ,n. Moreover, the associated points Q{X, D) and Q{X^ ,D^) 
in 9Jt coincide under the natural identification 



2 S„ s'„ ^2 



9H = 9JI2 ^ - X Tll'i ^ fOT> X ... X TllJ 

on 2.30. Let F am 

sequence 



Definition 2.30. Let T and T' be weighted graphs. A reconstruction 'jofV into V is a finite 



7:r = ro ->ri ->••• ->r„ = r , 

where each arrow ji is either a blowup or a blowdown. The graph V is called end graph 0/7. 
The inverse sequence 7"^ := (7„^, . . . ,7i^) yields a reconstruction ofV with end graph V. 
The reconstruction 7 is said to he symmetric if it is of the form (7,7" ). 

Definition 2.31. Two standard completions (X,D) and {X',D') of a GizatuUin surface V are 
evenly linked if there is a symmetric reconstruction of {X,D) into (X',D'). Otherwise they are 
called oddly linked. 

Indeed, a standard completion of a GizatuUin surface is always evenly linked to any other 
standard completion or to its inverse: 

Lemma 2.32. (cf. [FKZ6], Lemma 2.2.2) Let (X,D) and (X',D') be two standard completions 
of a GizatuUin surface V ^ A"*^ x C*. After replacing, if necessary, {X,D) by its reversion 
{X'^,D''), iX,D) and {X',D') are evenly linked. 

The next theorem shows that the configuration invariant Q{V) of a smooth GizatuUin surface 
V is indeed an invariant of the abstract isomorphism type of V: 

Theorem 2.33. (cf. [FKZ6], Theorem 3.4-1) Given two semi-standard completions 
{X,D),(X' ,D') of a smooth GizatuUin surface V, for the configuration invariants Si,s[ and 
Q{X,D) € Tl, Q{X',D') e Tl' the following holds: 

(1) // (X,D) and (X',D') are evenly linked, then Sj = s'^ for i - 2,...,n and the points 
Q{X,D) andQ{X',D') ofTl^Tl' coincide. 
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(2) // (X,D) and (X',D') are oddly linked, then Sj = s'^v for i - 2,...,n and the points 
Q{X, D) € Tl and Q{X' , D') e 9Jt' o/lUT and 9Jt' coincide under the natural identification 

S2 Sn S'„ s'... 

Definition 2.34. Given a configuration space 9Jt = lUTJ^^ x ... x 93TJ^ we consider the reversed 
product 

The symmetric configuration invariant of a completion (X,D) of a smooth GizatuUin surface V 
is the unordered pair 



Q{X,D):^{Q{X,D),Q{X\D^)}, 
Now, the following is obvious: 



where Q{X,D)^Tl and QiX'' ,D^) eTl^ . 



Corollary 2.35. (cf [FKZ6], Gor. 3.4.3) The pair Q{V) := Q{X,D) as well as the sequence 
(s2, . . . , Sn) (up to reversion) are invariants of the isomorphism type of V . 

2.4. Distinguished and rigid extended divisors. To motivate the rigidity of an extended 
divisor we consider the following example: 



Examples 2.36. 



(1) We consider a smooth GizatuUin surface with the extended divisor 



D 



ext 



Co 
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Co 
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Gn 
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-n + 1 -2-2 

The mother component of the {-2)-feather is C2. But there also is a standard completion 
of the same surface with extended divisor 

-1 -1 
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ext ■ 
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Ci Co 



C3 



C4 



Gn 



-n + 1 -2-2 -2 

Thus, the feather with mother component C2 can "jump". 

Now we consider a smooth GizatuUin surface with the following extended divisor: 



D 
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1 























Co 


Ci 


C2 


C3 




C4 


Cn-l 


c„ 








-n + 2 




2 


-2 


-2 


-2 



ext 



By the criterion given below we can show that the feather cannot jump to any other 
component. In this sense, this extended divisor is "rigid". 

Definition 2.37. The extended divisor D^xt is called distinguished if there is no index i with 
3 <i <n, such that Dgxt ^^ non-empty and contractible. 

We consider a family (X,T>) of standard completions of a GizatuUin surface V, parametrized by 
a smooth variety S (i. e. we have a flat morphism t : X -* S). Thus, any s € S gives a standard 
completion Xg '■= t~ (s) of V and therefore an extended divisor Pcxt(s). It is clear that the 
boundary divisor T>{s) as well as the curves TZij{s) being resolutions of singularities of V stay 
constant. However, the feathers J-ij(s) in general depend on s. This motivates the following 
definition: 
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Definition 2.38. An extended divisor D^xt of a GizatuUin surface V is said to be rigid if for 
any fiat family X ^ S of standard completions of V with Vextiso) = D^xt for a certain sq € S the 
dual graph ofT>extis) is constant. 

For details on the notion of rigidity cf. [FKZ5], §2. Now, the fohowing theorem gives a criterion 
for rigidity of an extended divisor, provided that it is distinguished. 

Theorem 2.39. (cf. [FKZ5], Theorem 2.17) An extended divisor D^xt is rigid, provided that 
all its bridge curves Bij are (-l)-curves and one of the following conditions is satisfied: 

(2) If for some i, 2 < i < n, the feather collection Fij. is non-empty, then the divisor D^^^^ 
is not contractible. 



2.5. Coordinates on smooth Gizatullin surfaces. For our purpose we need exphcit descrip- 
tions of smooth Gizatulhn surfaces via affine coordinates on appropriate open afiine charts. In 
[FKZ6], §4, such coordinates are constructed for the case of smooth GizatuUin surfaces which 
admit a presentation, i.e. where all boundary components Ci, i > 2 are +-components. We 
generalize this description for the case of arbitrary smooth Gizatullin surfaces. First, we recall 
this construction for the case of smooth Gizatullin surfaces which admit a presentation. 

A standard completion (X,D) of a smooth Gizatullin surface V can be realized as a sequence 
of blowups of the quadric Q -F^ xF^, such that all blowup centers are contained in C2\Ci and 
its infinitely near neighbourhood. 

We consider on Xi - Q -¥^ x¥^ the afhne chart Ui - Q\{Co ^ Ci) = A'^ with afhne coordinates 
{x,y) = (xi,yi), such that Cq - {yi = oo}, Ci = {xi = 00} and C2 = {yi = 0} holds and decompose 
the map X ^F x P into single blowups 

X - Xj\[ -^ Xj\[^i -> ••• ^ Xi - Q. 

We call a blowup Xi -> Xj_i of type (F), if it creates a feather Fi, otherwise we call it a blowup 
of type (C). In the second case we let Fi - 0. We start with the afhne coordinates (xi,yi) on 
Ui - (5\(CouCi) and construct recursively afhne charts Ui = A with coordinates {xi,yi) on the 
intermediate surfaces Xi: 

(l)j If C5 is the last curve of the zigzag constructed on Xi, we let 

[/, = XMCo u Ci u - u Cs-i u U F/ ) = A^, 

where F^ - 0, if the blowup Xj -> Xj^i is of type (C). Otherwise F^ is the curve 

described explicitly below. 
(2)j Cs n [/j = {yi - 0} and Xi\cs is an afhne coordinate on Cs\Cs-i = A^. 
(3)i If Xi ^ Xi.i is of type (F), then FiOUi^ {xi = 0}. 

These properties obviously hold for Ui and the coordinates (xi,yi) if we let F^ - 0. Now we 
construct f/j+i and the coordinates (a;j+i,yj+i) as follows: 

Type (F): In the next blowup Xi+i -> Xi with center p - {d,0) e Cg a feather Fj+i is created. 
We let 

{xi+i,yi+i) ^ixi, — ^1 , such that {xi,yi) ^ {xi+i,{xi+i - d)yi+i) holds. 
V Xi a / 

We let F^_^-^ denote the proper transform on Xj+i (and on all further surfaces Xi^j+i) of the 
closure in Xi of the afiine line {xi - d} (we intentionally use the symbol ^ since we will see that 
{Fi,F^) forms a pair of matching feathers for every non-empty Fi). It follows easily that the 
conditions (l)j+i, (2)j+i and (3)j+i are satisfied for Ui+i and the coordinates (xj+i,yj+i). 
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Type (C): In the next blowup Xj+i -^ Xi with center c^+i = (c, 0) e C^ a new component Cs+i 
is created. We let 



\Xi-^.\, Hi+l 



(00 ' — c \ 
— ,yi , such that {xi,yi) = (a^i+iy^+i + c,yj+i) holds. 
Vi I 



These are affine coordinates on the affine piece C/j+i as in (l)i+i. The curve Cg+i is given on 
f7j+i by {j/i+i = 0}. Moreover, the rational function Xj+i has a first order pole along the curve 
Cs, hence Cs n C/j+i = 0. Therefore, condition (2)j+i holds. 



Xi 



\Cs-l 




Cs+l = (c,0) 




(0,0) Cs 




Indeed, {Fi^F^) is a pair of matching feathers: 

Lemma 2.40. (cf. [FKZ6], Lemma 5.2.2) If Fi+i and Fy_-^ are non-em,pty then they form a 
pair of matching feathers on the surface X - X^ as above. 

Remark 2.41. In our coordinate construction from above we only treated the case of outer 
blowups, i.e. where every boundary component Cj, i > 2, is a +-component. We consider once 
again a blowup of Type (F). If we introduce the coordinates {xi+i,yi+i) via 



i.Xi,yi) = {xi+iyi+i + d,yi+i) 

instead of {xi,yi) - {xi+i,{xi+i - d)yi+i), then the equation of the feather Fj+i is given by 
Fi+i\D - {yi+i - 0}. In particular, the point (xj+i,yi+i) = (0,0) is the intersection point 

This procedure can also be adopted for inner blowups. Therefore, if we create ^-components 
by inner blowups, we introduce affine coordinates inductively either via {xi,yi) - (a;i+iyj+i,yi+i) 
or via (xi,yi) - (xj+i,Xj+iyj+i). The only difference between blowups of type (C) and inner 
blowups is that in the last case both axes are given by certain boundary components, i. e. {yi - 
0} = Ct\Ct-i and {xj = 0} = Ct+i\Ct+2 for some t (cf. following figure for the case of the second 
transformation; in this figure the proper transform of Ct+i becomes Ct+2-, since the exceptional 
curve of the blowup precedes the proper transform of Ct+i). 
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The description of the intersection points -Fj+i n F^^-^ as well as the one of the correspondence 
fibration (cf. [FKZ6], 5.1, 5.2) remains valid, if we assume the following property (similarly to 
the case of +-components): 

(*) If F and G are two feathers with mother components Cs and Ct, s t t, then we create F 
before G if and only if s < t. 

If we create a feather Fj+i with base point (d, 0) e Gt\{Gt-i u Gt+i) then we introduce the 
coordinates (xj+i,yj+i) via {xi,yi) = (xi+iyui +d, yj+i) as mentioned above. Similarly, we intro- 
duce the coordinates (xj+i,yi+i) via {xi,yi) - (a;j+i,a;i+iyi+i + d) if we want to create a feather 
Fi+i with base point (0,d) e Gt\{Gt-i u Gt+i). It is easy to see that in both cases the point 
(xi+i,yj+i) = (0,0) = p is the intersection point p - Fj+i n F^_^_i. 

3. GiZATULLIN SURFACES WITH A DISTINGUISHED AND RIGID EXTENDED DIVISOR 

Notation: According to Lemma 1.0.7 in [BD], any smooth 1-standard pair (X,D) may be 
obtained by some blowups of points on a fiber of Fi. An embedding of Fi into P x P is given 

by 

Fi = {((x : y : z), {s : t)) e¥^ xF^ \ yt - zs ^ 0}. 

In other words, Fi is the blowup of P^ in (1 : : 0). We denote by r : Fi -*■ P^ the projection onto 
the first factor and by Co,L the lines {z - 0} and {y - 0} respectively. We also denote by Co 
and L their proper transforms on Fi, by Ci the exceptional curve t"^(1 : : 0) - {(1 : : 0)} xP^ 
and by Lq the affine line L\Gi £ Fi as well as its image -^\{(1 : : 0)} in P^. Moreover, we have 
isomorphisms 

A^ ^ Fi\(Co u Ci), {xo,yo) - ((^o : yo ■■ 1), (yo : 1)) 
as well as 



A'^¥'\Go, {xo,yo)^{xo:yo--l). 

In these coordinates the affine line Lq is given by yo - 0. In the following we will always denote 
these coordinates on Fi\(Co u Ci) by (xo,yo)- ^i admits a P^-fibration 



p:¥i 



{{x:y:z),{s:t)) h> (s : t). 



which is just the projection on Ci = P . The restriction of p to A = Fi\(Co u Ci) yields an 
A -fibration vr : A ^ A , which is simply the projection onto the second factor (a;o,yo) '^ Vo- 
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We denote by Aff the group of automorphisms of A^, which extend to automorphisms of P^ and 
by Jon the group of triangular (de Jonquieres) automorphisms (automorphisms of (A^,7r)). In 
other words, we have 



AfF = {(xo,yo) 
Jon = {(a:o,yo) 



(aii^o + ai2yo + ^1, 021X0 + 0222/0 + ^2) I aii«22 - ai2«2i * 0} 
{axo + P{yo)Mo + c) I a, 6 6 C%c 6 C,P{yo) e C[yo]}. 



Moreover, if we consider a reversion (X,D) -> (X',D') of 1-standard pairs centered in a point 
p 6 Co\Ci, we associate this point with its image (A : 1 : 0) in P^ via the map t 07] : X ^ P^. 

We remember the following lemma, which is an important tool to compute the graph J^y ex- 
plicitly (cf. [BD], Lemma 5.2.1): 

Lemma 3.1. For i - 1,2, let (Xj,Z?j,7fj) be a 1-standard pair with a minimal resolution of 
singularities fii ■ {Yi,Di,TTi o^Uj) ->• (Xi,Di,7ri) and let r]i : Yi ^ Fi be the (unique) birational 
morphism. Then, the following statements are equivalent: 

(a) The h}-fibered surfaces {Xi\Di,TTi) and {X2\D2,t^2) (respectively the pairs {Xi,Di,7ri) 
and {X2,D2,TT2)) are isomorphic. 

(b) There exists an element of Jon (respectively of Jonn Aff) which sends the points blown- 
up by rji onto those blown-up by 772 and sends the curves contracted by fii onto those 
contracted by ^2- 

3.1. Smooth GizatuUin surfaces with a distinguished and rigid extended divisor. 

There is a good chance to obtain "nice" A -fibered afhne surfaces, if the extended divisor is 
distinguished and rigid. Before considering some examples, we remember the following: 
Blowing up the plane A in the point (0, 0) we obtain the quasi-projectice variety X - 
{{{x,y),{s : t)) I xt - 2/s = 0} c A^ X P^ with the map tt : X ^ A^, ((x,y),(s : t)) ^ {x,y), 
which can be covered by two afRne charts Xi and X2, both isomorphic to A . Precisely, if we 
denote by Ci-{y- 0} and C2-{x- 0} the axes and by E the exceptional curve, then 

Xi - X\Ci, X2 - X\C2- 

Introducing the coordinates (xi,7/i) = {x,t/s) on Xi and (3:2,2/2) = (s/i,y) on X2, the restriction 
of the map vr on these afhne charts is given by 



TT-.Xi ^ A^,(xi,yi) ^ ixi,xiyi) and tt : X2 ^A^, (2:2,2/2) ^ (^22/2, 2/2) 
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respectively. We use these maps in our descriptions. 

In the fohowing we consider smooth Gizatuhin surfaces with a distinguished and rigid extended 
divisor. 

Theorem 3.2. Let V be a smooth GizatuUin surface which admits a distinguished and rigid 
extended divisor with n > 4. Then the dual graph of Z?ext has the form 

mm m 



D 



ext ■ 



-1 W2 W-s W4^ Wn^i Wn 

with 1 < J < Tj. Moreover, the following hold: 

(1) For any two 1-standard completions {X',D') and {X",D") of V with {X'\D',tt') ^ 
{X"\D",7r") we have {X',D',7t') = {X",D",Tt"). 

(2) The graph Ty has one of the following two forms: 

Tv-- [{X,D)].^^.[{X\D'')] or Ty ■■ [{X,D)] . O ■ 

If Ty is of the form • O , then D- is a palindrome and ri - rjv and Qi - Qiv holds for 
all i = 3, . . . ,n-l. 

(3) If ri > holds for at most two indices i e {3, . . . ,n - 1}, then Ty has the form • 'O if 
and only if D- is a palindrome and r, = rjv and Qi - Qi^ holds for all i = 3,. . . ,n- 1. 

(4) Aut(l/) is generated by automorphisms of A -fibrations if and only if J-y has no loops 
except for the case Yd - [[0,-1,-2,-2,-2]]. 

Proof. First, notice that a distinguished and rigid extended divisor of a smooth Gizatulhn surface 
cannot admit feathers which are attached to the component C2 or to C„. Thus the extended 
divisor has the desired form. Moreover, the rigidity of .Dgxt imphes that all feathers are (-1)- 
feathers and are therefore attached to their mother components. 

Since -Dgxt is distinguished and rigid, the extended divisor D^^^ has the same property. Thus 
the components C3, . . . , C^-i are ^-components in any 1-standard completion of V . We consider 
two 1-standard completions {X\D') and {X",D") of V such that {X'\D',-k') s {X"\D",-n"). 
By Lemma [XT] an isomorphism Jon 9 ifj ■ {X'\D',7:') ->■ {X"\D",'k") sends the centers of the 
blowup rj' ■■ X' ^ Fi onto those of rj" : X" -^ Fi. We present jp in the coordinates (xo,yo) of 
A2 = Fi\(C7ouCi) as 

ij{xo,yo) = {axo + P{yo),byo + c), a,5 e C*,c e C,P(yo) eC[yo], 

cf. Lemma |2.12[ Assuming that the blowup process for both surfaces starts at (0,0) e Lq we 
obtain c = -P(O) = and y? has the form 

il^{xo,yo) = iaxo + yoQ{yo),byo), a,b aC* ,Q(yo) 6C[yo]- 

We decompose rj' into single blowups X' = Ar^_2+m -* ••• -^ -^n-2 ^ "■ ^ ^0 ~ ^i' such that 
we create the boundary components by inner blowups in X^_2 ->■■■■ ^ Xq - Fi and the m = 
r3 + --- + r„_i feathers in X!^_2+^ -^ ■■■ -^ X'^_2 (similarly for X"). We fix an index j e {3, . . . ,n-l} 
and consider f/^ on the component Cj on the surface Xn~2- In each step we introduce inductively 
affine coordinates {xi,yi) on Xi, such that: 

(1) Cj\Cj-i = {yn-2 - 0} and Cj+i\Cj+2 = {xn-2 - 0} on Xn-2 (here we define Cj+2 to be the 
infinity point if j = n - 1), 

(2) after each blowup we have either {xi,yi) = ixi+i,yui) or {xi,yi) = {xi+i,Xi+iyi+i) or 
ixi,yi) = ixi+iyi+i,yi+i). 
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We refer to the last two coordinate transformations as to transformations of type 1 and type 2 
respectively. Denoting the lifting of ip on the surface Xi by ^j, we show by induction that ^n-2 
has the form 

'^n-2{Xn-2, yn-2) = aXn-2{.l + X^n-2vi^2Ri.xl_2yn-2)f^ J. fc } ^^JS 1 7T7 ' 

\ \^^ ^n~2yn-2^\^n-2yn-2)) I 

such that R - 'J ■ Q with an appropriate 7 e C*, k >0, l,s,t,p,q >1 and a and /3 are monomials 
in a and b. In the first step we blow up Fi in the point (0,0) e Lq and introduce coordinates 
{xi,yi) = {xo,xoyo). This leads to 

^i(a;i,yi) = \xo{a + yoQ{xoyo)), -^ = \ axoil + yoRixoyo)) , -— -^ — - 

V a + yoQ{xoyo)J \ l + yoR{xoyo)J 

with R - -Q. In the induction step we consider the case {xi,yi) - (xj+i,Xi+ij/i+i). A short 
computation yields 



Similarly we obtain in the case {xi,yi) - (xj+iyj+i,yj+i) 



*i+i(xi,i,y.+i) = (a//3)x,,i(l + xilyf;/i^(x|,ly^:*)r^ 



^ ni^^^Ti(rr^ ^,*+*^^p+'? pyi+i 

a + ^tiytiRi^liyt:i))' 

The case {xi,yi) = {xi+i,yi+i) is obvious (we need such transformations only when we perform 
inner blowups centered outside of the affine piece with coordinates {xi,yi)). Moreover, we see 
from the induction step that A; = holds if and only if we perform no blowups of type 1 except 
for the first one in (0,0) e Lq. 
Thus ^n-2 induces on Cj\{Cj-i u Cj+i) = C* the map 

^n-2ix,0) = (ax,0). 
But the affine map 

'>P{xo,yo):^ {axo + cyo,byo) with c^Q{0), 

defines the same map on Cj\{Cj-i u Cj+i). In particular, ip sends the points blown-up by 
r]' :X' -^ Fi onto those blown-up by r]" : X" -^ Fi. By Lemma [3T] we obtain that {X',D',Tt') ^ 
iX",D",7r"). This shows (1). 

Now we show that the graph J^y admits only one arrow (the first part of assertion (2) follows 
immediately since Ty is connected). Due to (1) we can choose (X, D, n) itself as a representative 
of the conjugacy class [(X, Z?)] e Ty- The automorphism 

'ipa{xo,yo) ^ {xo + ayo,yo), a e C, 

of A^ = Fi\(Co u Ci) can be lifted to an automorphism of {X,D). Moreover, tpa induces on 

Co\Ci = A^ the translation A 1-^ A + a. Thus Aut(X, D) acts transitively on Co\Ci and there is 

only one arrow starting from [(AT,!))]. 

The condition on J^y to have a loop is equivalent to (X,D,Tt) = (X^,D^,7f^). This implies the 

second part of (2). 

To show assertion (3), we consider two 1-standard completions {X',D') and {X",D") of V 

such that there exist two indices s,t e {3, . . . ,n - 1}, s < t, with r^,r" > only for i e {s,t} and 

(Q's^Q't) = {Qs,Qt)- It is sufficient to show that this implies {X',D',Tt') = {X",D",Tt"). Then 

we get the non-trivial direction of (3) as follows: 

If {X,D,Tt) is a 1-standard completion of V with rj = rjv > 0, rj - for j t i,i^ and Qi - Qi^, 
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the Matching Principle yields r^C = tj, r'^ - r^v, Q^v = Qi and Q/ = Qjv for the corresponding 
invariants. Thus we obtain r^ = r^ and Q\ - Qk, k e {i,^^} and (X, DjVf) = (X^,Z)^,7f^) follows. 
Thus the graph J^y admits only one vertex. 

Again we consider the blowup process (^n_2+m'^n-2+m) ^ ••• ^ (^n-2'-^n-2) -* ••• ^ (-^O'^o) = 
(Fi,Co u Ci), where we create the boundary components in {X^_2, D'^_2) -^ ■•• -^ {Xq,D'q) = 
(Fi,CouCi) and the m = r', + r[ feathers in (X;_2+^,D;_2^„) -. - -. (X;_2,^;-2)- The 2-torus 
action on Fi\(CouCi) lifts to (X^_2,-D^_2), inducing maps x h^ ojX on Ci\(Cj_iuCj+i) = C* (we 
identify Cj\(Cj_i u Cj+i) with C* in a way that Cj n Ci_i = {00} and Ci n Cj+i = {0}). Ignoring 
these maps on Ci for z ^ s,t, the maps a:; i-*- agX and x 1-^ atx can be chosen arbitrarily. Thus 
denoting by A'g,A[,A'g and A" the corresponding base point sets of the feathers, there exists a 
2-torus action fi such that fi.A'^ = A'^ and /U.^^ = A^'. Therefore we get iX',D') ^ {X",D"). 
To show (4), we let Td ^ [[0,-1, (-2)3]]. It is easy to see that this condition is equivalent to 
the existence of a boundary component of self-intersection < -3. In this case assertion (4) is a 
direct consequence of Proposition 12.191 and assertion (2). 

It remains the case where Td = [[0,-1, (-2)3]]. We choose a fixed reversion ^0 • iX,D) -■> 
{X, D) with center p e Co\Ci and such that p is also the center of ^q^ (we can always choose such 
a reversion since Aut(X, D) acts transitively on Co\Ci). Let a e Aut(X, D) be an element, which 
does not fix the center of ^o- Then the reversions ^q^ = ^0 and "^oa have distinct base points, 
i.e. ^oa^Q is a reversion (cf. Lemma [2. 1 5 1) . equal to /3^o7 for some (3,^ ^ Aut(X, D). Therefore 
we have ^0 - (a"^^o)(/5^o7) = o^(^o/3^o^)7- Since /3 preserves the fibration vr, there is a 
ip e Aut(A^) such that 7r/3 = c/?7r. This yields (7r*o)(*o,5^o^) = (^(vr^o), i-e. the map ^o,5*o^ 
is compatible with the fibration vr^o- Thus the reversion \I'o is generated by automorphisms 
of A -fibrations. In Corollarv 13.141 we show that Aut(y) is generated by (Aut(X, D),^o) and 
Aut(y, vr) (the elements of Aut(X, D) as well as ^0 give automorphisms of V by restriction). It 
follows that Aut(y) is generated by automorphisms of A^-fibrations. D 

In the spacial case of Theorem 13.21 with only one family of (-l)-feathers one can show that the 
extended divisor is automatically distinguished and rigid. We can even extract some additional 
informations: 

Corollary 3.3. Let V he as in Theorem \3.2\ such that rj > holds for exactly one index i - j ^ 
{3, . . . , n - 1}. Then the following hold: 

(1) D- is a palindrome if and only ifT^ - [[-2,-r - 1,-2]] with r > 1. In this case, D^xt 
has the form 

\FiSl<i<r 



D 



ext ■ 



-1 -2 -r-1 -2 
In particular, K\ii{V) is generated by automorphisms of A} -fibrations if and only if 

r,,* [[0,-1, -2, -r-1, -2]], r>2. 
(2) V admits a C* -action and the DPD-representation is given by the following data: 



C^K\ D,^--[Ql i)_.il[o]-^[a,], 
m m ^ 

where ^ = [-Wj+i,... ,-Wn] and ai e C* = Cj\(Ci_i u Cj+i) are the base points of the 
feathers. Conversely, for each pair (e,m) with < e < m and gcd(e,m,) = 1 there exists 
a smooth Gizatullin surface with such an extended divisor. 

Proof. Assertion (1) is an easy exercise and assertion (2) follows directly from [FKZ4], Corollary 
5.10. For the notion of a DPD-representation of a surface with an effective C*-action see [FKZl]. 

D 
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Remark 3.4. (1) Theorem 13.21 yields in particular that every A -fibration ip : V -^ A on such 
a surface V is conjugated either to $0 '■- ^\Co\ ^ 1^ ^ A^ or to $9 ■- ^|C^| '■ V ^ A^. This is a 
special case of Theorem 5.10 in [FKZ5], where the same assertion is shown for normal GizatuUin 
surfaces with a distinguished and rigid extended divisor. 
(2) We can show even more. It is not hard to see that the following conditions are even equivalent: 

(1) J-y has one of the following forms: 

Tv '■ • ^ — ^ • or Tv '■ • O • 

(2) If {X, D) is a 1-standard completion of V , then the extended divisor Dext is distinguished 
and rigid. 

However, the weaker condition that V admits at most two conjugacy classes of A -fibrations 
does not imply that the extended divisor of V is distinguished and rigid. We consider the 
following example: Let y be a smooth GizatuUin surface admitting a 1-standard completion 
with extended divisor 

-1 -1 



D, 



cxt 



-1 -2 -2 -4 -2 -2 
The components C2-,Ci and Cq are +-components, while C3 and C5 are of type *. Thus this 
graph is indeed rigid (feathers attached to ^-components cannot jump), but not distinguished. 
We can construct (X, D) from (Fi,Co u Ci) in the following way: we blowup two times in 
(0,0) e Lq and introduce coordinates (xi,yi) via (2:0,^0) - (a^ii 2:^2/1) as well as coordinates 
{ui,vi) via (xo,yo) = ("Ui^ij^i)- This leads to the dual graph 



-1 -2 -1 -2 
Now we perform an outer blowup in a point P - (/3,0) e Ci\C-i (in coordinates (ui,vi)), 
obtaining the component Cg. Finally we perform an inner blowup in C4 n Cg, which results in 
the component C5. After the blowup in P we introduce the coordinates (^2, "^2) via (ui -/3, vi) - 
{u2,U2V2) and after the last blowup the coordinates (^3,^3) via {u2,V2) - (u^jUsv^). We denote 
the resulting surface by {X,D). In the last step we create both (-l)-feathers by blowing up in 
some points Qi - (0,a) e C3\(C2uC4) (in coordinates (xi,yi)) and Q2 - (0,7) e C5\{C4uCq) (in 
coordinates (1*3,^3)). An appropriate automorphism ^p{xo,yo) - {axo + byo,cyo) of (Fi,CouCi) 
can bring the surface {X, D) in a "standard form" : The condition b = -aji moves the point (/3, 0) 
on (0,0) (in coordinates {ui,vi)). Thus we may assume that /3 = 0. Then tp can be lifted to 
(X, D) if and only if 6 = holds and the lifting $ of V' has the following forms in the coordinates 
introduced above: 

*(xi,yi) = (axi,a"^cyi) and ^(1^3,1)3) = (ac"^U3,a"^c^) 

The conditions ^(Qi) = (0, 1) and ^{Q2) - (0, 1) (in the corresponding affine coordinates) leads 
to c = a^ and c^ = 1, or equivalently {a,c) e {(1, 1), (-1, 1), (i, -1), (-i, -1)}. In particular, ac^"^ 
can take every value in VF4 = {z e C* | z^ = 1} = {±1, ±i}. Therefore we obtain: 

(1) V does not depend on any parameter. 

(2) (X,Z))-(X^D^). 

(3) For two 1-standard completions {X,D) and {X' ,D') of V it follows {X,D) ^ {X',D') 
(cf. Lemma l3.ip . In particular, V admits only one conjugacy class of A^-fibrations. 

The subgroup Aut{X,D) does not act transitively on Co\Ci. If we identify Co\Ci as always 
with A^ via (A : 1 : 0) !-;► A, then the orbit of a point A e Co\Ci is given by Aut(X, D).X - A • W4 
{ip{xo,yo) - {axo,cyo) induces on Co\Ci the map A 1-^ ac^^ -A). Thus the graph Ty has the form 
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Ty. Ai Q.'O A2 , 
where the arrows are in a 1 : 1-correspondence to elements of C/W4. 

It is easy to see that for smooth Gizatulhn surfaces with a distinguished and rigid extended 
divisor the divisor D-^ as well as the number r^ of feathers attached to Cj cannot be symmetric 
simultaneously (i. e. rj = r^v) if n is odd. Thus we obtain the following 

Corollary 3.5. Let V be as in Theorem \3.IA and let n be odd. Then Aut(y) is generated by 
automorphisms of A^ -fibrations. 

3.2. The orbit decomposition of the action of Aut(y). Our next goal is to describe the 
action of the automorphism group of such surfaces. We will show that these surfaces in general 
admit points, which do not belong to the big orbit O of Aut(y). These points are even fix 
points of Aut(y), if the base points of the feathers are "in general position" . We start with the 
following simple observation: 

Proposition 3.6. Let V be a smooth Gizatullin surface with a 1-standard completion {X,D = 
Co \>Ci >••• \>Cn) and the associated P -fibration W : X ^¥ . Moreover, let Fi be the feathers of 
the extended divisor D^xt o.nd let F^ be the matching feathers in -Dext; where (X^, Z?^) -■> (X, D) 
is a reversion with an arbitrary center p e Co\Ci. Denoting by O the big orbit of the natural 
action of the automorphism group of V, we have 

VXOclJF.nF;'. 

i 

In particular, the fix point set F{V) :- {x ^ V \ Aut(l/).2; = x} is finite and contained in 

UiF.nF,^. 

Proof. Since Aut(y) acts on V with a big orbit O, each fiber F' oi it - 7f|y intersects O. Since 
Fq ■■- 7f"^(7f(C2 u •••C„)) is the only degenerated fiber of tt, every point of V\0 cannot belong to 
any other fiber F. Indeed, if D - CoU---uC„, then the automorphism ip{xQ,yQ) - (xo+yo"^,yo) of 
A^ = Fi\(CouCi) can be lifted to an automorphism of V, which induces a non-trivial translation 
x t-^ x + y""^ on any other fiber F = 7r^^(y) = A^, y ^ (this can be checked by using our affine 
coordinates introduced in Section [23]) . Thus V\0 ^ FqdV. 
Let now x e ^ be a point contained in 



(U^.)\(u^.n^| 



Then x is contained in some regular fiber of the A^-fibration tt^, thus it can be moved continu- 
ously by an appropriate C+-action. Therefore x € O. In a similar way we obtain that any point 
in 



(y^")\(y«n^") 



can be moved continuously by automophisms of V. It follows that V\0 £ Ui -^i i~i -?"/• D 

Considering the simplest examples of smooth Gizatullin surfaces like the affine plane A^, 
the Danielewski surfaces Vp - {xy - P{z) = 0} £ A^, P{z) e C[z] with simple roots, or the 
Danilov-Gizatullin surfaces Vk+i one sees easily that the automorphism group acts transitively 
on these surfaces. Moreover, Gizatullin conjectured in [Gi] II that for smooth Gizatullin 
surfaces the action of the automorphism group is always transitive, i. e. that V coincides with 
the big orbit O of Aut(y): 

Conjecture (Gizatullin): Let F be a smooth Gizatullin surface. Then the action of the 
automorphism group is always transitive on V, i.e. V coincides with the big orbit O of Aut(l/). 
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The main result of this paper is a class of smooth GizatuUin surfaces which yield counterexamples 
to Gizatullin's conjecture. Indeed, we show that the automorphism group of surfaces considered 
in Theorem 13.21 does not act transitively in general. Preliminary, we need the following simple 
lemma: 

Lemma 3.7. Let A^C* be a non-empty finite subset and let Wm '■- {z &C* \ z^ -1} - {e ^ \ 
< k <m- 1}, m>l, be the set of m-th roots of unity. We represent A as 

(3.1) A^CjaWm, 

with Ci € C* , mi>\ and such that s is minimal. 

(1) For the group G '■- {a € C* \ a- A - A} it holds 

G-Wd with d-gcd{mi,...,ms). 
In particular, G = I^d and there exists an a € C*\{1} with a- A- A if and only if d>2. 

(2) The G-action on A yields a decomposition of A in exactly m(A) :- ™'^'^',"^'"° orbits 
-Bi,...,Sm(A)- 

We will use the following notation: if we write a finite non-empty subset A £ C* in the form 
A = Ui=i CiWrrn such that s is minimal (cf. Lemma I^TT]) . we let 

d(^) :=gcd(mi,...,ms), G(A) := {a e C* I a • ^ = A} = Z^M) and m(A):^^^^^^^^-^^^—-^. 

^ ' d\A) 

In addition, if A - 0, we let 

d{A)^d{0):^O, G{A)^G{0):^C* and m(^) = m(0) := 0. 
Theorem 13.81 is the main point of this paper: 

Theorem 3.8. Let V be a smooth GizatuUin surface as in Theorem \!^.^ {X,D) a 1-standard 
completion of V and let Ai = {-Pj,i, . . . ,Pi,ri} - Ci\{Ci-i u Cj+i) = C*, 3 < i < n- 1, be the base 
point set of the feathers Fij . Moreover, for 4 < i < n - 2 let Bt^i, . . . , -Bj^m,(Ai) ^e the orbits of the 
G{Ai) -action on Ai, 

Oi,j--- U i^i,«ni^^cy, l<j<miAi), 

and 

oo:=n( U F^,J^KA- 

\A<i<n-2,l<j<ri J 

Then the following hold: 

(1) The set Oq is the big orbit of the action o/Aut(y) on V and the subsets Oij are invariant 
under Aut(y). 

(2) For the fix point set F(V) of the natural action of Aut(V) on V we have 

U F„ni^^.cF(y). 

A<i<n-2,d{Ai)=l,l<j <ri 

(3) // at most two of the ri are non-zero, then Oq and the Oij form the orbit decomposition 
of the natural action of the automorphism group Aut(F) on V. Moreover, equality in 
(2) holds. 

The most important step for proving Theorem 13.81 is to show that the assertion holds for 
Aut(y, tt) instead of Aut(y). In other words, we prove the following lemma: 
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Lemma 3.9. Let V he a smooth GizatuUin surface as in Theorem \3.B. {X,D) a 1-standard 
completion of V with induced A -fibration tt ■ V -^ A and let Ai - {Pi^i, ■ ■ ■ , Pi,ri} - Ci\{Ci-i u 
Cj+i) = C*, 3 < i < n - 1, be the base point sets of the feathers Fij- . Moreover, for 4 < i < n-2 
let Bi^i, . . . ,-Bj,m(Ai) be the orbits of the G{Ai)-action on Ai, 

Oi,j-- U Fi^inF;'^iCV, l<j<m{Ai), 

and 

oo:=n( u ^M-ni^O. 

\i<i<n-2,l<j<,ri J 

Then the following hold: 

(1) The set Oq is the big orbit of the action o/ Aut(y, vr) on V and the subsets Oij are 
invariant under Aut{V, ir) . 

(2) For the fix point set F{V) of the natural action o/ Aut(y, vr) on V we have 

U F„ni^^.cF(y). 

4<i<n-2,d{Ai)=l,l<j <ri 

(3) // at most two of the ri are non-zero, then Oq and the Oij form the orbit decomposition 
of the natural action of the automorphism group Aut(y, vr) on V. Moreover, equality in 
(2) holds. 

Proof. We denote by {X.,D = Cq t> ■■■ [> C„) a 1-standard completion of V . We decompose the 
map {X, D) ->• (Fi, Co u Ci) into single blowups 

{X,D) = {Xn,Dn) - - - (Xi,Di) ^ (Xo,Z?o) = (Fi,Co uCi), 
such that if two blowups Tig and nt respectively create feathers -Fj.p and Fj^a^ respectively, then 
s <t holds if and only if i < j (cf . Remark I2.4ip . 
Let V' e Aut(F,7r). Then %[) is given on Fi\(Co u Ci) by 

V''(a;o,2/o) = (aa;o + -P(yo),&yo + c), a,6 e C*,c e C,P[yo] e C[yo] 
Since we can assume that the blowup {X, D) -> (Fi, Co u Ci) is centered in (0, 0) e Lo) it follows 
that P(0) = = c and thus 

i'(xo,yo) = {axo + yoP{yo),byo) for some P{yo) e C[yo]. 
We perform coordinate transformations as in Remark 12.411 and claim that the lifting ^i of ^ on 
the surface (Xi,Di) has the form 

"^iixi^Vi) = {axi{l + XiylR{xi,yi)),(3yi{l + x'lylS{xi,yi))), 

where R,S€ C[[xj,yj]] are rational functions, expressed as power series and A; > 0, l,s,t,p,q > 1. 
Moreover, A; = holds if and only if we perform no blowups of type 1, that is of type (xi,yi) = 
(xj+ijXj+iyj+i) except for the first one in (0,0) e Lq. 

We show this by induction. For i = the claim is obvious. In the case {xi,yi) - {xi+iyi+i,yi+i) 
we obtain after a short computation 

,T, / A /" 1 + x'l^iy^tiRix^^iyi+i^yi+i) n^ k k+i^r \\ 

^i+i(xi+i,yi+i) = \l5^i+i--, k — fclTTTT r,Pyi+i{^ + Xi+iyi+iS{xi+iyi+i,yi+i)) 

\P 1 + xf^^yf^lSixi+iyi+i^yi+i) 

= {axi+i{l + Xi_^iy-:^iR{xi+i,yi+i), I3yi+i{l + Xi_^iyi:^iS{xi+i,yi+i))) 

with Q = a/ 13 and certain power series R,S. Similarly, in the case {xi,yi) - (xj+i,Xi+iyj+i) we 
obtain 



Transitivity of automorphism groups of GizatuUin surfaces 25 



with /? - (3 1 a and certain power series R, S. It remains to check the cases, where we create 
feathers on a certain component Cj. If we create a family of feathers Fi,. . . , Fm on a component 
Cj with Cj\Cj-i - {yi - 0} with base points A - {'yi,- ■ -^m} £ ^jXi^j-i ^ Cj+i) = C*, we 
necessary have a e G{A). Introducing new coordinates {xi+i^yi+i) via (xj,yj) = {xi+i^yi+i ■ 
Q{xi+i)) with Q{xi+i) = riT{xi+i -7j), we obtain 



^i+i(a;i+i,yi+i) = (axj+i • (1 + xf+iQ(xj+i)'y-+ii?(xi+i,Q(xj+i)yj+i)), 

/3yi+i(5(a^i+i)- [I + x\^^Q{xi+iyy\^^S{xi+i,Q{xi+i)yi+i)] 



) 



Q{axi+i ■ {I + x^^^^Q{xuiyy\^^R{xui,Q{xi+i)yi+i))) 
{axi+i ■ (l + xf+iQ(xj+i)'y-+ii?(xi+i,Q(xi+i)yj+i)), 
j3 yi+iQ{xi+i) ■ [I + x\^^Q{xi+iyy\^^S{xi+i,Q{xi+i)yi+i)'\ 



) 



a™ Q{xi+i ■ {I + x'l^^Q{xi+iyy\^^R{xi+i,Q{xi+i)yi+i))) 

= {axi+i{l + x\^^y\^^R{xi+i,yi+i),J3yi+i{l + x\^^y\^]^S{xi+i,yi+i))) 

with /3 = -^ and certain power series i?, S*. Similarly for the case where we create feathers with 
base points on the 7/j-axe. 

We fix an arbitrary index 3 < j < n - 1. To create the feathers on the component Cj we blow 
up Tj points on Cj\{Cj-i u Cj+i). By an appropriate choice of coordinates we can assume that 
the base points Aj lie on the XTv-axis, i.e. Pj^i = (7j,0), 1 < i < rj. Since tp lifts to X we have 
^{Aj) - Aj. ^ induces on Cj\{Cj-i u Cj+i) the multiplication x ^ a ■ x, i.e. a e G{Aj). We 
consider points Pj^s and Pj^t such that ^{Pj^g) - Pj^t, i- e. such that a ■ ^s - 7t holds. After the 
blowup in Pj^s and Pj^t respectively we introduce affine coordinates (u, v) and {u' , v') respectively 
via {xN,yN) - iuv+^s,v) and {xiy,yN) - (u'v' +'yt,v') respectively. We represent the arguments 
of ^N in the coordinates {u,v) and the images in the coordinates {u',v'). In these coordinates 
we have Fs\D - {v - 0} and Ft\D - {v' - 0}. By a short computation we see that the lifting ^ 
of ^N, after a blowup on the left-hand side in Pg and on the right-hand side in Pf, has the form 

^{u,v) = (^u-{l + v^R{u,v))+v^-^S{u,v),l3v{l + v^t{u,v))\ 
for certain power series R,S,T. Thus we see that ^|_f^\z) : Fs\D -> Ft\D is given by 

l(fu,0) ,i>2. 

We claim that for / > 2 the points {u,v) - (0,0) and {u',v') - (0,0) respectively are precisely 
the intersection points Fg n F^ and Ft n Fjf respectively, if F^ and F^ are matching feathers 
for Fg and Ft after a reversion centered in p = (A : 1 : 0) e Co\Ci. We consider once again 
the coordinates {x,y) and {xi,yi) on ^-standard pairs to describe the affine pieces Ui defined 
in Section l2.5i A simple computation shows that (x,y) coincides with our initial coordinates 
(rco,yo) if and only if A = 0. Thus if p = (0 : 1 : 0), the points {u,v) - (0,0) and {u',v') - (0,0) 
respectively are the points Fs n Fg and Ft n Ft respectively (cf. Lemma 12.401 and Remark 
I2.4ip . But since Aut(X, D) acts transitively on Co\Ci and every tp e Aut(X,D) fixes these 
points for / > 2, we can assume that the reversion is centered in p = (0:1:0). Now we can 
use the description given in Section 12.51 and the claim follows by Remark 12.411 Thus we have 
^{Fg n F/) = Fi n F/ for all ip e Aut(F,7r) if and only if Z > 2. Therefore, for / > 2 the sets Oj^k 
are invariant under the action of Aut(y, vr). 

Now we show that I > 2 holds if and only if j < n - 2. We consider the construction of the 
extended divisor -Dext starting from the divisor Cq [>Ci >L on Fi. We denote the exponents k,l 
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in the i-th lifting ^i now by fcj, /j. The first blowup in (0, 0) e Lq is of type 1 and we obtain fci = 
and li - 1. During further blowups we can first perform as many blowups as possible of type 2. 
During these steps we obtain ki - 0, li - 1 (see induction step!). Here the right-hand boundary 
component gives the j/j-axis and the next-to-Iast one gives the Xj-axis. If the feathers Fjf^ are 
attached to C„_i, we need no more blowups and we end np in I - In - I- But if 3 < j < n-2 holds, 
we need at least one more transformation of type 1 and thereafter at least one transformation 
of type 2 (since the base points of the feathers Fjj^ lie on the XAr-axis). Transformations of type 
1 give ki+i = ki + li and U+i = k and transformations of type 2 give fcj+i = ki and k+i - ki + U. It 
follows that after performing all these transformations we have fcj > 1 and h > 2. In particular 
we obtain In >li >2. 

Assertion (2) is an immediate consequence of (1) since d(Ai) - 1 implies that the sets Oij are 
points. 
The proof of (3) is the same as the one of Theorem 13.21 (3). D 



Remark 3.10. We consider a smooth Gizatullin surface V as in Theorem 13. 2t a 1-standard 
completion (X,D) of V and a reversion cp : (X,D) -> (X^,D^) centered in p e Co\Ci. If Fij 
and F^- form a pair of matching feathers, the map (p leaves the points pij ■= Fij ^F^- invariant. 
Indeed, tp induces the identity on the affine part V - X\D = X^\D^ and identifies the feathers 
Fij with their proper transforms (this can also be seen by considering the minimal resolution 
{X,D) ■«- (Z,B) -^ (X^,D^) of if). However, we have to pay attention that the feathers F^- 
themselfs (as algebraic curves) depend on p in general. In the special case of Theorem 13. 2[ 
the subgroup Aut{X,D) leaves the intersection points pij invariant, but not the curves F^- 
themself. 

We now show Theorem 

Proof of Theorem \3.8[ First we notice that F3^i\D and Fn-i^i\D is contained in the big orbit of 
Aut(y). Indeed, if a feather F is attached to Cn_i then automorphisms ^(xq, yo) = {xQ+ay^, yo), 
a e C, induce translations on F (this corresponds to the case / = 1 in the proof of Lemma |3.9|) . 
The same argument yields that there are automorphisms in Aut(y, vr^) that induce translations 
every feather attached to C3. 

Let now 93 e Aut(y). We extend ip to a birational map ip : (X,D) -> (X,D), which belongs 
either to Aut(X, D) or admits a decomposition ip - ipmO---oipi^ where each ipi is either a reversion 
or a fibered modification. Thus cp decomposes into a sequence 

{X,D) = iXo,Do) ""-l {Xi,Di) ^1 - '^™ {Xra,Dm) = {X,D). 
Since any 1-standard completion of V is isomorphic either to {X,D) or to (X^,D^), we can 
assume that every {Xi,Di) is either {X,D) or {X^,D^). 

If ipi : {X,D) -> (X,D) is a fibered modification, then by Lemma 13.91 the subsets Oij are 
invariant under ipi. The same holds for fibered modifications ipi ■ (X^,D^) -> (X^,!?^). We 
notice that by the Matching Principle the orbit decomposition of the action of Aut(y, vr) is the 
same as the one of the action of Aut(y, vr^), if the feathers are not contained in the big orbit O 
of Aut(y). 

If ipi ■■ {X,D) -> (X^,D^) (or ipi : (X^,!?^) -> {X,D)) is a reversion, then the subsets Oij 
are also invariant under ipi (cf. Remark I3.10p . Therefore, the map ip leaves the subsets Ojj 
invariant. This ends the proof. 

D 

Remark 3.11. If V admits more than two families of feathers, then the orbit decomposition of 
Aut(y) becomes in general more complicated and there may be a strict inclusion in Theorem 
13.81 (2). The problem is obvious: we have only two parameters, which induce motions x ^ ai-x 
on the ^-components Q, 4<z<n-2 (these parameters are given by a,5 e C* in the fibered 
modifications V'C^^Ojyo) - {o-xo + yoQ{yo),byo))- Moreover, it is difficult to control these motions 
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since they cannot be read out directly from the form of the extended divisor. 

We consider the fohowing example: let V be as in Theorem 13.21 with extended divisor 

{Fs^} {F,j} {F,k} 



-1 -4 -3 -5 -6 -2 
1 <i <2, l<j<3, 1 < k < 4 and the base points of the feathers should be organized as follows: 



2-7ri 47ri 



^3 ■■- W2 = {±1}, A4 := Ws = {l,e—,e—},A5 := Wa = {±l,±i}. 

We consider the surface {X',D'), which is obtained by blowing down all the feathers of (X,D). 
The same computations as in the proof of Lemma 13.91 show that the Jonquieres automorphisms 
ip{xo,yo) - (axQ + yoQ{yo),byo) induce the following motions on the boundary components C^: 

(1) X ^ a%-^ ■ X on C^\(C7^ u C^), 

(2) X ^ a%-^ ■ X on C^\(C^ u C'^), 

(3) X ^ a^^-i . ^ on C'X{C!i u C^). 

Here we identify Cl\{CU u Cii) with C* in a way that {00} ^ Cl n C^-^ and {0} = C^ n C^^ 
holds, ip can be lifted to an automorphism of V if and only if the sets Ai are invariant under 
tp. A simple computation shows that A3 and A^ are invariant under -0 if and only if a = 6 = 1 or 
a = b = -1. In both cases, ip induces the identity on C4 and therefore it fixes all points in ^4. It 
follows that Aut(y, vr) acts trivial on O4. 

Now we consider the motions on the boundary components after reversion. After performing a 
reversion (with an arbitrary center) the extended divisor of V has the form 

{^5^ {^4^ {i^3^J 



-1 -2 -6 -5 -3 -4 
with l<i<2, l<j<3, 1<A;<4. By the Matching Principle the base point sets are of the form 

A3 = C1VF4, ^4 = C2VF3, A5 = C3W2 for appropriate ci, C2, C3 e C*. 

Let ((X^)', (D^)') be again the surface obtained by blowing down all the feathers of (X^, L)"^). 
A short computation yields that the Jonquieres automorphisms i^{xo,y()) - (oxq + yoQiyo),byo) 
induce the following motions on the boundary components: 

(1) X - aH-^ ■ X on (C-)^\((C^)^ u (C^)^), 

{2)x^aH-^-xoniC^YMCn3^{C^%), 
{3)x^a%'^-xon{C^Y,\{{C^y,u{C^y,). 

Again we see that the conditions ijj{A^) - A^ and Tp{A^) - A^ imply that a b~ =1. Thus ip 
induces the identity on (C^)4\((C^)3 u (6*^)5) and all points in A^ are fixed under the action 
of Aut(y,7r^). 
Thus the orbit decomposition under the action of Aut(y, vr) as well as of Aut(y, vr^) is given by 



Oo 



y\ U ^4,i n Fl, , Oi = {F4,i n ^4^1}, O2 = {^4,2 n ^4^3}, O3 = {^4,3 n ^4^3}. 



The same arguments as in the proof of Theorem 13.81 show that this is already the orbit 
decomposition under the action of Aut(y). In particular, the points F4J n F^-, 1 < j < 3, are 
fix points of the action of Aut(T/), although we have ^(^4) = 3. 
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Conversely, we need -Dext to admit ^-components to exhibit surfaces with a non-transitive action 
of the automorphism group. Indeed, the following proposition holds: 

Proposition 3.12. Let V be a smooth Gizatullin surface, {X,D - Cq >••• > C„) a 1-standard 
completion of V , such that the com,ponents C2, ■ ■ ■ ,Cn are +-com,ponents. Then Aut(y) acts 
transitively on V . 

Proof. We will only sketch the proof, leaving the details to the reader. We consider a 1-standard 
completion of V such that every feather is attached to its mother component (by Corollary 
6.1.3 in [FKZ6] such completions always exist). Fixing a feather F with mother component 
Ci, we choose an appropriate 1-standard completion {X,D) of V, where F is attached to the 
last component C„ (we can force F to jump by an appropriate choice of reversions and fibered 
modifications of the reversed completion, cf. [FKZ6], Section 4.3). Now a simple computation 
shows that the automorphisms 

^{xo,yQ)^{xQ + ay^Q^,yQ), a e C, 

of A = Fi\(Co u Ci) lift to automorphisms of {X,D) and induce non-trivial translations on 
F\D = A , depending on the continuous parameter a. Thus all points of F\D have an infinite 
orbit and are therefore contained in the big orbit of the action of Aut(y). This implies that 
A.vX{V) acts transitively on V . D 

In particular, since Danilov-Gizatullin surfaces Vk+i can be completed by a zigzag of type 
[[0, -1, (-2)^]] containing only +-components, their automorphism group acts transitively. 

Remark 3.13. Let F be a normal affine variety. We denote by SAut(F) the subgroup of Aut(y) 
generated by all algebraic subgroups isomorphic to the additive group Gq. Then a point x ^V 
is called flexible, if the tangent space T^V is spanned by the tangent vectors of the orbits H.x 
of one-parameter unipotent subgroups H £ Aut(y). Moreover, we call V flexible if every point 
X e Fi-eg is flexible. 

If y is a flexible affine variety then SAut(y) acts transitively on V^eg- Moreover, in [AFKKZ] 
it was shown that for a normal affine variety V of dimension > 2 the following conditions are 
equivalent (cf. [AFKKZ], Theorem 0.1): 

(1) X is flexible. 

(2) SAut(F) acts transitively on T^eg- 

(3) SAut(F) acts infinitely transitively on V^eg- 

The last condition means that for any collection of points {Pi, . . . , Pk] and {Qi, • . • , Qk] in ^eg 

there exists an automorphism y? e SAut(y) such that (p{Pi) - Qi- 

Therefore, instead of "flexible" we sometimes say "infinitely transitive". Similarly, V is called 

stably infinitely transitive if ^ x A™ is infinitely transitive for some ttt, > 0. 

Theorem 13.81 shows that smooth Gizatullin surfaces V with a distinguished and rigid extended 

divisor are not flexible in general. But the following question arises: 

Question/Problem: Let y be a smooth Gizatullin surface with a distinguished and rigid 
extended divisor. Is V stably infinitely transitive? 

3.3. The amalgamated product structure of the automorphism group. The automor- 
phism groups of surfaces considered in Theorem l3.2l can be represented as amalgamated products 
of certain subgroups. 

Corollary 3.14. Let V be as in Theorem \3.2[ We choose a fixed A^-fibration it : V ^ A^ and 
consider the corresponding A^-fibration tt'^ : V ^ A^ , induced by the reversion ijj ■ {X,D) -■>• 
(X^,L>^) with center peCo\Ci. 

(1) If J-y consists of a vertex and a loop, i. e. {X,D) = (X^,D^), then the automorphism 
group of V is the free product of A - {Aut(X,D),ip) and J - Aut(y, vr), amalgamated 
over their intersection An J - Aut(X, D): 
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Aut(y) = A *AnJ J- 
(2) LetJ='v he of the form Tv ■ [{X,D)] • -« — ^« [{X"" ,0"")] . We denote by A the subgroup 
corresponding to the edge and by J and J^ the subgroups J ■- Aut(y, vr) and J^ ■- 
Aut(y, vr^). Identifying J 2 A ^ J"^ we have 

Aut{V)^ J *aJ^- 

Proof. Let J^v have a loop. First we show that Aut(y) is generated by Aut{X, D),ip and J. 
We can extend every automorphism ip e Aut(y) to a birational map <p ■ {X, D) -> (X, D). Then 
If either belongs to Aut(X, D) or it can be decomposed as 

ip^ifno - o V91 : {X,D) = {Xo,Do) - (Xi,Z)i) ^> - '^S^ {X^,Dm) = {X,D), 
where every c^j is a fibered modification or a reversion. Since every 1-standard completion of V 
is isomorphic to (X,D), we can assume that (Xi,Di) - (X,D). Therefore, every element ipi can 
be considered as an element of Aut(y). If (pi is a fibered modification, then we have pi e J. But 
if gi is a reversion, then it can be written as ipi - Uitpfii with certain aj,/3j e Aut(X, D), since 
Aut(X,D) acts transitively on Cq\Ci. Thus we obtain Aut(y) = (Aut(X,D),'0, J) = {A, J). 
Now we write any ip e Aut(y) as t/' = o^n ° jn ° "■ ° oi ° Ji with Oj e 74\ J and ji e J\yl. Then aj is 
a product of reversions which is not an isomorphism, and ji is a fibered modification. Theorem 
[2361 then yields that p ^ X\xt{X,D). Thus it follows that Aut(y) = A •Anj J- 
Assertion (2) follows immediately from Remark 12.231 D 

4. The singular case 

Our results can be generalized to the case of singular Gizatullin surfaces. First, we have to 
generalize the notion of a ^-component. 

Definition 4.1. (1) For a general feather F with dual graph 

-1 F '■ o o • • • o 

B Di Dk 

and bridge curve B we call Dj. the tip component of F 
(2) The component Ci is called a ^-component if 
(i) -Dg^t^ ^'^ '^'^^ contractihle and 
(ii) -Dg^.^ - Fj^k is not contractihle for every feather Fj^k of D^^ such that the tip 

component of Fj^k has mother component Cr with t <i. 
Otherwise Ci is called a +-component. 

It is easy to see that also in the non-smooth case, that is where feathers can have more than one 
component, ^-components appear as a result of an inner blowup of the previous zigzag, while 
an outer blowup of a zigzag creates a +-component. Similarly as in the smooth case we have 
the following lemma: 

Lemma 4.2. Let D^xt he the extended divisor of the minimal resolution of singularities of a 
1-standard completion of a certain Gizatullin surface V . Suppose that every Ci, 2> <i <n-l, is 
a *- component and that there are no feathers attached to the component Cn- Then every feather 
Fij is an A^- feather, that is every Fij is contractihle and therefore has the dual graph 

-1 -2 -2 



B Di Dk 



ij o o • • • o 



with k depending on i and j . 
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Note that especially for Afc-feathers the mother components of all curves Di, . . . ,Dk coincide 
since any A^-feather is born by successive blowups of a point on the boundary component it is 
attached to. 

Remark 4.3. If every component Ci, 3 < i < n - 1, of D^xt is a ^-component and if there are 
no feathers attached to C2 and C„, then it is easy to see that the same property holds for the 
extended divisor -Dext after reversion (with an arbitrary center). 

In the following we will always assume that the following condition holds: 

(*) V admits a 1 - standard completion (X, D) such that C3, . . . , C„_i are * -components 
and there are no feathers attached to C2 and Cn- 

We can generalize Theorem 13.21 as follows: 

Theorem 4.4. Let V be a GizatuUin surface as in (*) with n> 4 and let (X,D) be the minimal 
resolution of singularities of a 1- standard completion of V . For every s > 0, we let Ai^g = 
{Pi^s,i, ■ ■ ■ ,Pi,s,ri s} - Ci\{Ci-i u Cj+i) = C*, 3 < i < n - 1, be the base point set of the feathers 
Fij, 1 < j <ri, which are Ag-feathers. Then the dual graph of D^xt has the form 

{F^,j} {^4,,} {Fn-l,j} 



D 



ext 



-1 W2 tU3 W4 lfn-1 Wn 

with 1 < J < Tj. Moreover, the following hold: 

(1) For any two 1-standard completions {X',D') and {X",D") of V with {X'\D',tt') ^ 
{X"\D",7r") we have {X',D',Tt') = {X",D",Tt"). 

(2) The graph Ty has one of the following two forms: 

Tv-- [{X,D)].^^.[{X\D'')] or Tv--[{X,D)].0 ■ 

If J-y is of the form • O; then D-^ is a palindrome and there exist elements 7^ e C*, 
3 < z < n - 1, such that 

Ai^ ^s - 7i ■ Ai^s holds for all 3 < i < n - 1, s > 0. 

(3) If ri > holds for at most two indices i e {3, . . . ,n - 1}, then Ty has the form • 'O if 
and only if D-^ is a palindrome and there exist elements 7^ e C* such that 

Ai-j^s - 7i ■ Ai,s holds for all 3 < i < n - 1, s > 0. 

(4) Aut(y) is generated by automorphisms of A^-fibrations if and only if J-y has no loops 
except for the case Td = [[0,-1,-2,-2,-2]]. // r^ = [[0,-1,-2,-2,-2]], then V is 
smooth. 

Proof. Let {X\D') and {X" ,D") be two 1-standard completions of V such that {X'\D' ,-k') ^ 
(X"\D",7r"). By Lemma 12.121 such an isomorphism is given by a Jonquieres automorphism 
of the form ip{xo,yo) = (axo + yoP{yo),byo), P{yo) e C[yo] of A^ = Fi\(Co u Ci). The same 
computation as in the proof of Theorem 13.21 shows that ip lifts to an automorphism of a 1- 
standard completion (X,D) of V as well as to the minimal resolution of singularities {Y,B) 
of {X,D) (notice that B = D since D is contained in the regular locus of X). Now, a similar 
computation as in the proof of Theorem 13.21 shows that V' describes on D-^ (before creating the 
feathers by blowups of points on the boundary components) the same map as the isomorphism 
'^{xo,yo) = {axQ + cyo,byo) with c = -P(O). By Lemma [3TT] we obtain that {X',D') ^ {X",D"). 
This shows (1). 
The proof of assertion (2), (3) and (4) is the same as in the smooth case. D 
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Remark 4.5. (The generalized Matching Principle, cf. [FKZ6], Remark 3.3.9) We can generalize 
the Matching Principle for feathers of arbitrary length instead of length one. The generalized 
matching Principle provides a one-to-one correspondence between feathers Fip and F^ such that 
the mother component of the bridge curve Bip of Fip is equal to the mother component of the 
tip of F/,. 

In particular, if y is a Gizatullin surface satisfying (*), then every feather Fip and F^ is an 
^dfc-feather and thus all components of Fip (and F^^) have the same mother component (it is 
just the boundary component the feather is attached to). 

Now we can generalize Theorem 13.81 to the singular case. 

Theorem 4.6. Let V be a GizatuUin surface as in Theorem \4-4\ i^^D) a 1-standard completion 
ofV and let fi ■ (Y,D) -^ (X,D) be the minimal resolution of singularities of {X,D). For every 
s > 0, we let Ai^s - {Pi,s,i, ■ ■ ■ ■,Pi,s,ri s) - Ci\{Ci-i u Cj+i) = C*, 3 < i < n - 1, be the base point 
set of the feathers Fij, 1 < j < ri, which are Ag-feathers, and Ai :- Us>o^«,s- Moreover, we let 
Fi^s,i, ■ ■ ■ ^Fi^s,ri s denote those feathers which are As-feathers and which are attached to Ci. 

(1) Let Gi'-- C\s>oG{Ai^s). Moreover, for A<i <n-2 let Bi^^^i, . . . ,Bi^s,m^ s ^^ ^^^ orbits of 
the Gi -action on Ai ,, 



i < ( < Tj ^ s , Xj , s , Z ^ ^i ,s,j 



and 



\4<i<n-2,j I 

Then the set Oq is the big orbit of the action of Aut{V) on V and the subsets Oi,s,j o,tc 
invariant under Aut(l/). 

(2) For the fix point set F{V) of the natural action o/ Aut(y) on V we have 

U f,{F,,,,)n^,{Fl^)<^F{V). 

4<i<ra-2, j, gcd(d(A,,s)iseN)=l 

Here gcd{d{Ai^s) | s e N) denotes the well-defined natural number 

gcd(d(Ai,o), (i(^i,i), rf(^»,2), . . . , d{Ai^k)), 
where d{Ai^s) - for all s > k. 

(3) // at most two of the Tj are non-zero, then Oq and the Oi,s,j form the orbit decomposition 
of the natural action of the automorphism group Aut(y) on V . Moreover, equality in 
(2) holds. 

Proof. The proof is precisely the same as in the smooth case. D 

Remark 4.7. Corollarv 13.141 holds as well for arbitrary Gizatullin surfaces satisfying (*), since 
the proof uses only the structure of the graph J^v ■ 
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